A method for shaping the structure dynamics of mechatronic systems using truncation-error bounded reducedorder models is developed and applied to the design of a heavy-duty robot with non-collocated sensors and actuators. Modeling is a critical issue in the integrated approach to design and control of mechanisms. The model required for mechanical design is different from the one for control design. The former is geometric and parametric with respect to the dimensions of individual parts. Dynamic models derived from such geometric models are in general of high order. The model for control design must be an explicit input-output causal form with an appropriate system order. As the mechanical structure is altered during this integrated design process, the validity of the dynamic model is difficult to preserve due to the strong influence of design parameter changes on the model truncation error. Even the order of the model may change as design parameters change. In this paper a method has been developed for improving structural performance while maintaining validity of the reduced-order models by upper-bounding the truncation error. This method makes use of the Hankel singular values and sensitivity Jacobians. Desired changes to dynamics are obtained by altering design parameters within the subspace where the Hankel singular values corresponding to unmodeled dynamics may be kept lower than a certain limit, hence upper-bounding the truncation-error and preserving the validity of the reduced-order model. The method is then applied to the design of a heavy-duty robot with non-collocated sensors and actuators. With this method, since the truncationerror of the structural model is upper-bounded, a controller can be designed so as to guarantee robustness.
Introduction
Integrated structure/control design has been extensively studied in conjunction with the development of space A difficulty in the simultaneous design of mechanical structures and control is to obtain a valid model usable for both mechanical and control designs [SI. In the conventional design procedure, where mechanical design is performed separately before control design is considered, an accurate model can be obtained by using a physical prototype whose mechanical design has been completed. Based on experimental data, a valid reduced order model can be obtained. In integrated mechanism/control design, on the other hand, such valid models appropriate for control design must be obtained before a prototype is built. The model needed for mechanical design is geometric in general, and is parameterized with respect to dimensions of individual parts. Dynamic models derived from such geometric models often lead to over-parameterized, high order models. In the early stage of mechanical design, it is not clear to the designer which components and physical effects are significant for the overall system dynamics. The designer has to include all relevant components, which leads to an over-parameterized high order model.
The high system order imposes a significant computational burden, thus it becomes a major hurdle in implementing the controller. In addition, the higher the order of the model, the more difficult it is to access all its states. Hence, from the practical view point a proper low order system model is indispensable. The order of the reduced model needs to be chosen such that any system dynamics higher than this reduced order are irrelevant and would not incur instability or unwanted behavior in the control system. The selection of right system order is thus a crucial step in the integrated design process The objective of this paper is to develop a method for structure modifications that guarantees the validity of reduced-order models during a course of integrated mechanism/control design by upper-bounding the truncation error of the reduced-order model. With an upperbounded truncation error, a controller can then be designed to guarantee robustness. The method will be applied to the design of a non-collocated heavy-duty robot. It is often difficult to guarantee stability and robustness of non-collocated systems. 
Robust, Integrated Design Procedure
Consider a linear time-invariant system given by A finiteelement solver is then used for obtaining the system equations in the form of ( l ) , [lo] . Since this procedure leads to a high order system, insignificant modes must be truncated in order to obtain a model usable for control design. Truncated higher-order modes, however, may incur instability. In particular, the stability of non-collocated sensor-actuator systems, which are of primary interest in this paper, is subject to deterioration due to unmodeled high-order dynamics. Therefore, model reduction must be performed by taking into account stability robustness, and a systematic methodology is needed in order to perform model reduction, robust control design, and mechanical design modification in a cohesive and integrated manner. To this end, the model reduction technique based on the Hankel singular values [4] and balanced truncation [6] is employed together with the robust control design using the small gain theorem [l] . A summary of these building blocks needed for our design methodology formulation follows:
Let P and Q denote, respectively, the controllability and observability grammians of the system given by (1). The grammians can be obtained directly by solving the following steady-state Lyapunov equations,
The Hankel singular values are defined as the squareroot of the eigenvalues of the product of the controllability grammian P and the observability grammian Q ,
Once the system is internally balanced, the Hankel singular values provide a quantitative measure of controllability and observability of the associated state. During the model reduction procedure, states that are weakly controlled and weakly observed can then be eliminated leading to a reduced order system that captures the dominant dynamics of the system.
The infinity norm of the difference between the original model and the reduced order model is upperbounded by twice the summation of the Hankel singular values corresponding to the eliminated states of the model residue. This is explained by the following result. For further details refer to [4] . This result provides a useful upper bound on the maximum amplification of the error due to model reduction over all frequencies. Thlough transformation to an internally balanced system is intrinsically ill-conditioned for most of the cases, it has been shown that [5, 71 a realization of the reduced model may be obtained without balancing using the Schar decomposition.
The upper bound of the truncated dynamics is useful for robust control desigp. Let A(s) be the uncertainty in the plant-model due to the truncated unmodeled dynamics'. Let P(s) be the nominal plant model and K ( s ) be the controller stabilizing P(s). The system, in most cases, can be reconfigured such that the transfer func- Thus if it is somehow guaranteed that the error due to uncertainty is upper-bounded even when the system 'Other types of uncertainties are also involved in actual systems. In this paper, however, it is assumed that uncertainty due to truncated dynamics is the dominant uncertainty in the plant dynamics. 
Design Changes That UpperBound the Truncation-Error
Based on the model reduction and robust control theories described above, mechanical design changes that meet the robustness conditions are derived in this section. Modifications to design parameters need to be computed such that desired performance changes APd are achieved with the minimum magnitude of deviations from the current design and, at the same time, it needs to be guaranteed that these design changes do not incur instability due to the truncation error. In order t o achieve this, the infinity-norm of the model residue must be kept lower than a certain threshold to be chosen appropriately by the designer. This approach guarantees that the truncated states will never grow beyond a certain magnitude. This property is useful while designing a controller for the reduced order system as we know that the truncated modes will always be bounded.
Let P E Rm be a vector of performance indices, (T E Rn be a vector of Hankel singular values. Let changes in performance index vector AP be related to changes in design parameters Aa by AP = JAa (8) where J is an m x n sensitivity Jacobian [8, 91. Also let
APd be a vector of desired performance changes specified by the design engineer. The optimal solution to (8) subject to no constraints is given by
where, J # is the pseudo-inverse of J. This pseudoinverse solution provides the desired performance change where V h = -E Rlxq and c is a threshold value to be chosen appropriately by the designer. Choice of c allows design engineer t o specify how large or small the upper bound on the error due to truncation should be. For an appropriately chosen y E R, the inequality constraint can be rewritten as
By defining ro(y) A c -h(a) -y2 , we get
The general solution to this equation is
where z is an arbitrary vector in Rq. Here Vh# represents the pseudo-inverse of Vh. Substituting this general solution into (8) with AP = APd,
The second term on the RHS represents those changes to the performance index that do not affect the truncation error since these changes lie in the null space of Vh. This can be solved to give a minimum norm solution z' given by,
Using this z", the optimal design parameter change can be found to be
The first term on the RHS of this equation shows the contribution from the desired performance changes APd, while the second term shows the influence upon the truncation error. Comparing the first term with the unconstrained optimal solution given by (9) , one finds that the unconstrained solution J#APd is filtered with the projection matrix ( I -Vh#Vh), i.e. projected onto the subspace perpendicular to vector V h in the space of design parameter changes.
It is important to note that the pseudo-inverse solution J#APd does not guarantee that the model truncation-error will be below certian bounds. The design parameter vector under these constraints becomes, anew = a + A d (17) This makes sure that the order of the system never increases beyond r even when the design parameters are being changed during the iterative design cycle. This guarantees robustness during the design loop. Hence the controller can be designed and tuned iteratively for this reduced order model without having to worry about the system order becoming too high.
Numerical Results
This proposed methodology is applied to the structural design of a welding robot with non-collocated sensor and actuator. Figure 2 shows the schematic of the welding robot prototype. It has a flexible first link on which is mounted the robot forearm. The forearm is driven by a pulley-belt transmission. The motor located near the base of the first link drives the belt mechanism. There is a noncollocated sensor mounted on the first link to read the rotation of the forearm. 
Unconstrained Constrained
The pole-zero map of the system in its initial configuration can be seen in Figure 3 The design parameter vector a consists of thickness t A , width W A , and length LA of the first link, radii rp and Rp of the small and large pulleies, respectively, belt width W B and payload ML as shown in Figure 2 . The performance index P is chosen to be the first dominant oscillatory frequency which in the nominal configuration is found to be PO = 9.0825 x rad/sec. The desired change in the performance index, APd, is chosen to be a 10% increase over its initial value. The desired changes to the design parameter vector Ad' are found for two cases. The first case is when the constraint given by (12) is ignored i.e. in this case Aao is given by the minimum norm solution
The second case is where the constraint is taken into account and Aa" is given by (16). The two design change vectors are plotted in Figure 4 .
The desired percentage increase in the performance index and the actual percentage increases for the unconstrained and constrained cases have been tabulated in Table 1 . Even though it appears that the performance increase in the unconstrained case is better than that for the constrained calse, it is not without a penalty. This is evident, if we look at the infinity-norm error Comparison of Model Truncation Error-Norms strained case, it can be seen that even though the performance improvement is better than the constrained case, the error-norm does not stay within the bounds, thus a controller designed for the reduced order system based on the initial error-bounds could easily go unstable as the model uncertainty exceeds the error-bounds thus invalidating the assumed reduced-order model. On the other hand, for the constrained system, performance improvement is reasonably close to the desired improvement and in addition the constraint ensures that the infinity-norm on the error stays within the original error bound as chosen for this problem. Thus though the performance improvement is a little less, this method gurantees that the controller designed to stabilize the original reduced order model will also stabilize the overall system even as the design parameters are being changed during the iterative design process.
Conclusion
A method for shaping the structure dynamics of mechatronic systems with truncation-error bounded reducedorder models has been proposed. The method was applied to the design of a robot. The effectiveness of the method is evident from the numerical results presented. It can be seen that the method provides an optimal combination of both the desired performance and guaranteed infinity-norm upper bound on the model truncation-error. This ensures that the reduced order model stays valid even during the course of the design parameter changes. The fact that the model truncationerror stays bounded is very beneficial from the view point of design of a robust-controller. It was shown that if the goal is to achieve only the optimum performance, then the reduced order model can become invalid which may cause controller instability as the truncation-error exceeds the allowed bounds. Thus, this methodology can be effectively made use of during the iterative procedure of integrated design and control of complex mechatronic systems.
